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Abstract
We prove, under a certain boundedness condition at infinity of a ( ¯X⊤, ¯X⊥)
component of the second fundamental form, the vanishing of the essential
spectrum of a complete minimal ¯X-bounded and ¯X-properly immersed sub-
manifold on a Riemannian manifold endowed with a strongly convex vec-
tor field ¯X . The same conclusion also holds for any complete minimal h-
bounded and h-properly immersed submanifold that lies in a open set of a
Riemannian manifold M supporting a nonnegative strictly convex function
h. This extends a recent result of Bessa, Jorge and Montenegro on the spec-
trum of Martin-Morales minimal surfaces. Our proof uses as main tool an
extension of Barta’s theorem given in [2].
1 Introduction and main results
Since Calabi in 1965 [4] conjectured that complete minimal hypersurfaces in Eu-
clidean spaces are unbounded, some answers have been given, with a positive
answer by Colding and Minicozzi [6] for the case of embedded surfaces, and
a negative answer with the counterexamples given by Nadirashvili [14] and by
Martin and Morales [12, 13] for the case of immersed nonembedded surfaces.
0MSC 2000: Primary: 53C40; 58C40
Key Words: spectrum, minimal submanifold, convex function
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This conjecture also motivates many other related problems in more general am-
bient spaces, for instance, on the topological and geometrical properties of min-
imal submanifolds that are bounded or not, or on the search of conditions for a
submanifold to be unbounded. In [3] the structure of the spectrum of the Martin-
Morales surfaces is studied, namely it is proved that complete bounded minimal
properly immersed submanifolds of the unit open ball of Rn must have pure point
spectrum.
In this note we extend the above result of Bessa, Jorge and Montenegro to an
ambient space carrying an almost conformal vector field ¯X , a concept introduced
in ([16, 17]). On a Riemannian (m+ n)-dimensional manifold ( ¯M, g¯) we say a
vector field ¯X is almost conformal if
2α g¯ ≤ L
¯X g¯ ≤ 2β g¯ (1)
where +∞ ≥ β ≥ α > 0 are constants, and L
¯X g¯( ¯Y , ¯Z) = g¯( ¯∇ ¯Y ¯X , ¯Z)+ g¯( ¯∇ ¯Z ¯X , ¯Y ),
where ¯∇ is the Levi-Civita connection of (M, g¯). If we allow β =+∞, in this case
¯X is named by strongly convex.
An example of almost conformal vector field in a complete Riemannian man-
ifold M is the position vector field 12 ¯∇r2 = r ∂∂ r on a geodesic ball of M of radius
R and center p¯ that does not intercept the cut locus at p¯ and
√
κ+R < pi/2 with
κ+ = κ+(R) = max{0,supBR( p¯) ¯K}, where ¯K are the sectional curvatures of ¯M
and r is the distance function on M to a given point. In this case α and β are
well defined functions α = ακ+(R), β = ακ−(R), of R, κ+, and κ− = κ−(R) =
min{0, infBR( p¯) ¯K} where
ακ(R) =


R
√
κ cot(
√
κR) for 0 ≤ R < pi/2√κ, when κ > 0
1 for 0 ≤ R <+∞, when κ = 0
R
√−κcoth(√−κR) for 0 ≤ R <+∞, when κ < 0.
(2)
A strictly convex function f on M with Hess f≥ α g¯ defines a strongly convex vec-
tor field ¯∇ f . Positive homothetic non-Killing vector fields are almost conformal.
In Rm+n the position vector field ¯Xx = x is such an example. A particular feature
of strongly convex vector fields, is that the norm ‖ ¯X‖ must take its maximum on
the boundary of compact domains (see proposition 1). Therefore ¯X cannot be
globally defined on a compact manifold M without boundary.
Strongly convex vector fields have a role on isoperimetric inequalities for an
immersed m-dimensional submanifold F : M →M, m≥ 2, involving the the mean
curvature H. The Cheeger constant of M is defined by h(M) = infD A(∂D)/V (D),
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where D runs over all compact domains D of M with picewise smooth boundary
∂D ⊂ M of respective volume V (D) and area A(∂D). We recall the following
inequality [11]:
(sup
M
‖ ¯XF‖)−1 ≤ 1
α
(
1
m
h(M)+ sup
M
‖H‖
)
(3)
where ¯XF denotes ¯X along F . Let ¯X⊤ and ¯X⊥ denote the orthogonal projections of
¯XF onto T M, and the normal bundle NM respectively. We remark that, following
the proof in [11] we see that if F is minimal we have a sharper inequality:
(sup
M
‖ ¯X⊤‖)−1 ≤ 1
α
1
m
h(M). (4)
We note that ¯XF ( ¯X⊤ resp.) cannot vanish identically for any (minimal resp.) im-
mersion F (see lemmas 1 and 2). In the case M is the Euclidean space with the
position vector field, ‖ ¯X⊤‖ ≤ ‖ ¯XF‖ = ‖F‖. This leads to the following conclu-
sion:
Theorem 1 ([11]). If ¯X is a strongly convex vector field on a neighbourhood
of a minimal submanifold F : M → ¯M with zero Cheeger constant, then ¯X⊤ is
unbounded. In the particular case M = Rn+m, F is unbounded.
We recall the following inequality due to Cheeger [5],
h2(D)≤ 4λ (D)
where λ (D) is the fundamental tone of a normal domain D in M. For normal
bounded domains, λ (D) is the first eigenvalue for the boundary Dirichlet problem.
The Rayleigh characterization of the fundamental tone of any open domain D of
M is given by
λ (D) = inf
{∫
D ‖∇ f‖2∫
D f 2
: f ∈ L21,0(D)
}
where L21,0(D) is the completation of C∞0 (D) for the norm ‖φ‖2 =
∫
M φ 2+‖∇φ‖2.
Thus, if M is complete noncompact, λ (M) = limR λ (DR) and h(M) ≤ h(DR),
where DR is an exhaustion sequence of bounded domains of M with smooth
boundary in M. Therefore, from the above inequalities we have the following
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estimate for M a bounded domain (possibly with boundary) or a complete Rie-
mannian manifold
(sup
M
‖ ¯XF‖)−1 ≤ 1
α
( 2
m
√
λ (M)+ sup
M
‖H‖)
(sup
M
‖ ¯X⊤‖)−1 ≤ 1
α
2
m
√
λ (M), if M is minimal. (5)
Definition 1. Given a vector field ¯X of M, an immersed submanifold F : M → M
is said ¯X-bounded if supM ‖ ¯X⊤‖ < +∞. If supM ‖ ¯X⊤‖ is not achieved, then F is
said ¯X-proper, if ‖ ¯X⊤‖ : M → [0,supM ‖ ¯X⊤‖) is a proper map.
We will see in proposition 1 that if M is minimal and ¯X is strongly convex, then
supM ‖ ¯X⊤‖ is not achieved (in M) if condition (6) below holds. Note that if ¯X
is the position vector field of M, ‖ ¯X⊤p ‖ ≤ ‖ ¯XF(p)‖ = r(F(p)). This implies ¯X-
boundedness is a weaker concept then the usual boundedness of M in M. For
example, the spiral curve in R2, γ(t) = aetb(cos(eabt),sin(eabt)) with a > 1 and
b > 0 constants, is ¯X-bounded but unbounded in the usual sense. On the other
hand ¯X-properness might be a stronger concept than the usual properness of an
immersion. We also remark that if ¯X⊥ = 0 along all M, then ¯∇r restricted to M is
a vector field on M. If r is the distance function on M from a fixed point p ∈ M,
we see that (unit) geodesics of M starting at p ( that are the integral curves of ¯∇r)
lie in M. In this case n = 0.
Next we state our main theorems:
Theorem 2. Let F : M → ¯M be a complete minimal immersion that is ¯X-bounded
with supM ‖ ¯X⊤‖= R, where ¯X is a strongly convex vector field of M defined on a
neighbourhood of M, then:
(1) 2
√
λ (M)≥ h(M)≥ mαR .
(2) Furthermore, if the second fundamental form B of M satisfies at points p ∈ M
with ‖ ¯X⊤‖ sufficiently close to R,
|g¯(B( ¯X⊤, ¯X⊤), ¯X⊥)| ≤ α ′‖ ¯X⊤‖2, (6)
for some nonnegative constant α ′ < α , and if M is ¯X-proper, then the spectrum of
M is a pure point spectrum.
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The condition (6) does not mean ‖B‖ is bounded, even in the case ¯X is the po-
sition vector field r ∂∂ r . In theorem 5 (section 2) we will see that boundedness
of the second fundamental form is, in general, not a compatible condition with
the boundedness of a complete minimal submanifold, for ambient spaces with
sectional curvature bounded from below. Moreover, for the particular case of ¯X
being the gradient of a nonnegative convex smooth function h : M → [0,+∞) we
can remove the boundedness condition (6) of theorem 2, if we adapt our definition
of boundedness and of properness: F is h-bounded if supM h ◦F = R < +∞, and
is h-proper if supM h ◦F is not achieved and h ◦F : M → [0,R) is a proper func-
tion. We also will see in proposition 1 that supM h◦F cannot be achieved for F a
minimal immersion.
Theorem 3. Let h : M → [0,+∞) be a nonnegative convex smooth function and
F : M → ¯M a complete minimal immersion that is h-bounded. If F is h-proper,
then the spectrum of M is a pure point spectrum.
The above case contains the next example, when h = 12r2, where r is the distance
function to a point p¯ in M. Note that if F is h-bounded, then it is also ¯X-bounded,
for X the position vector field, and the concept of h-bounded (h-porper resp.) is
equivalent to usual boundedness (properness resp.). Next corollary is a corollary
of theorem 2 (1) and theorem 3:
Corollary 1. If F : M → M is a complete bounded minimal submanifold with
F(M) lying in a open geodesic ball BR(p¯) of M, and R is in the conditions given
in (2), then 2
√
λ (M) ≥ h(M) ≥ mαR , where α = αk+(R). Furthermore, if F is a
proper immersion into BR(p¯), then the spectrum of M is a pure point spectrum.
Corollary 2. If F : M →M is a complete bounded minimal submanifold properly
immersed in BR(p¯), and M is a complete Riemannian manifold with ¯K ≤ 0, then
2
√
λ (M)≥ h(M)≥ mR and the spectrum of M is a pure point spectrum.
The later corollaries are straightforward generalizations of [3]. Donnelly in [7]
proved the existence of a non-empty essential spectrum for negatively curved
manifolds under certain conditions. This result and corollary 2 gives next corol-
lary:
Corollary 3. There is no complete simply connected minimal surface F : M2 →M
properly immersed into a geodesic ball BR(p¯) of a space form M of constant
sectional curvature ¯K < 0, and satisfying ‖B‖2 → c at infinity, for any nonnegative
finite constant c.
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As we have announced above, in theorem 5 we will see this conclusion can
be extended to a considerably more general setting, where we do not need to use
spectral theory to prove it, but a generalized Liouville-type result due to Ranjbar-
Motlagh [15].
An application of a hessian comparison theorem for the distance function to a
totally convex submanifold due to Kasue [10] give us the following theorem:
Theorem 4. Let M be a connected complete Riemannian manifold with nonneg-
ative sectional curvature and Σ a totally convex submanifold of dimension d ≥ n
that is a closed subset of M, and let h = 12ρ2, where ρ is the distance function
in M to Σ. If F : M → M is a complete minimal immersed submanifold such that
for any p ∈ M\F−1(Σ), ‖(σ ′F(p)(l))⊤‖2 ≥ α , where 0 < α ≤ 1 is a constant and
σF(p) : [0, l]→ M is the unique geodesic normal to Σ that satisfies σF(p)(0) ∈ Σ
and σF(p)(l) = F(p), then:
(1) 2
√
λ (M) ≥ h(M)≥ mαsupM ρ◦F . In particular, if M has zero Cheeger constant,
then ρ ◦F is unbounded.
(2) If M is h-bounded and h-properly immersed, then M has pure point spectrum
only.
In the last section we apply this general result to submanifolds of a product of
Riemannian manifolds.
2 Some inequalities for minimal submanifolds
Let ¯X be an almost conformal vector field of M, and F : M →M an immersion of
a m-dimensional submanifold with second fundamental form B :⊙2 T M → NM,
where NM is the normal bundle of M. We give to M the induced Riemannian
metric g = F∗g¯ and the corresponding Levi Civita connection ∇. We denote by
(·)⊤ and (·)⊥ the orthogonal projections of TF(p)M onto TpM ≡ dFp(TpM) and
NMp respectively. We have for X ,Y vector fields on M, ∇XY = ( ¯∇XY )⊤ and
B(X ,Y) = ( ¯∇XY )⊥. The mean curvature of M is the normal vector given by H =
1
m
tracegB. The projection ¯X⊤ defines a vector field on M, and ¯X⊥ a section of the
normal bundle. Since ¯XF = ¯X⊤+ ¯X⊥, an elementary computation gives
Lemma 1. For Y,Z ∈ TpM, L ¯X⊤g(Y,Z) = L ¯X g¯(Y,Z)+ 2g¯(B(Y,Z), ¯X⊥). In par-
ticular, ¯XF cannot vanish everywhere in any open domain of M.
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Lemma 2. (1) mα +mg¯(H, ¯X⊥) ≤ divg( ¯X⊤)≤ mβ +mg¯(H, ¯X⊥). If F is mini-
mal then mα ≤ divg( ¯X⊤) ≤ mβ , and ¯X⊤ cannot vanish everywhere in any open
domain of M.
(2) g(∇‖ ¯X⊤‖, ¯X⊤)≥ α‖ ¯X⊤‖+ 1‖ ¯X⊤‖ g¯(B( ¯X⊤, ¯X⊤), ¯X⊥).
Proof. Let ei be an o.n. basis of TpM. At p, divg( ¯X⊤) = ∑i 12L ¯X⊤g(ei,ei), and an
application of previous lemma gives (1) as well (2) since
g(∇‖ ¯X⊤‖, ¯X⊤) = ∑
i
1
‖ ¯X⊤‖g(∇ei
¯X⊤, ¯X⊤)g(ei, ¯X⊤) =
1
2‖ ¯X⊤‖L ¯X⊤g(
¯X⊤, ¯X⊤).
Proposition 1. If ¯X is strongly convex, then:
(1) For any bounded domain D of M the norm ‖ ¯X‖ takes its maximum on the
boundary ∂D.
(2) If F is a minimal immersion and (6) holds, then the supremum of ‖ ¯X⊤‖ cannot
be achieved. In particular M cannot be compact without boundary (closed).
(3) If ¯X = ∇h for a smooth nonnegative convex function h : M →R and F : M →
M is a minimal submanifold, then the supremum of h ◦F cannot be achieved. In
particular M cannot be closed.
Proof. From the inequality g¯( ¯∇‖ ¯X‖2, ¯X) = 2g¯( ¯∇
¯X ¯X , ¯X) ≥ 2α‖ ¯X‖2, all critical
points of ‖ ¯X‖2 are vanishing points. This proves (1). To prove (2) we assume a
maximum point p0 of ‖ ¯X⊤‖ exists. Then at p0 we may take e1 = ¯X⊤/‖ ¯X⊤‖, and
we have by lemma 1 and (6)
0 = ‖∇‖ ¯X⊤‖2‖2 = 4∑i|g( ¯∇ei ¯X⊤, ¯X⊤)|2 ≥ 4|g( ¯∇ ¯X⊤ ¯X⊤, ¯X⊤)|2‖ ¯X⊤‖−2
= (L
¯X⊤g( ¯X
⊤, ¯X⊤))2‖ ¯X⊤‖−2 ≥ (2α‖ ¯X⊤‖2 +2g¯(B( ¯X⊤, ¯X⊤), ¯X⊥))2‖ ¯X⊤‖−2
≥ C2
where C = 2(α −α ′), what is impossible. Finally we prove (3). A maximum
point p0 of h◦F satisfies ∆(h◦F)(p0)≤ 0, what contradicts
∆(h◦F)p = ∑
i
(Hessh)F(p)(dF(ei),dF(ei))+mg¯( ¯∇hF(p),H)≥ mα. (7)
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Theorem 5. If K is bounded from bellow, and F : M → M is any complete im-
mersed minimal submanifold with bounded second fundamental form, then for
any nonnegative strictly convex function h : M → [0,+∞) defined in a neighbour-
hood of F(M), F is h-unbounded.
Proof. Let us assume there exists a complete h-bounded immersion with ‖B‖2 ≤
b, b a nonnegative constant. By Gauss equation, the Ricci tensor of M is bounded
from below. Indeed, if Y ∈ TpM is a unit vector,
Ricci(Y,Y ) = ∑i ¯K(Y,ei)+mg¯(H,B(Y,Y ))− g¯(B(Y,ei),B(Y,ei))
≥ m(in fM ¯K)−mb−b.
Furthermore, (7) holds for F minimal imersion. Then theorem 2.1 of [15] gives
us limsuprM(p)→+∞
h◦F(p)
rM(p)
≥ C, where C is a positive constant that depends on
m,b,α and a lower bound of ¯K. This contradicts the assumption of h ◦F to be
bounded.
Bessa and Montenegro defined in [2] a quantity on a domain D (bounded or not)
of M, that here we denote by c(D)
c(D) = sup
X
(
inf
D
(divgX −‖X‖2)
)
where X runs over all vector fields on D locally integrable and with a weak diver-
gence. We denote by c(X) = divgX −‖X‖2.
Proposition 2 ([2]). λ (D) ≥ c(D), with equality if D has compact closure with
smooth boundary.
Assume supM ‖ ¯X⊤‖= R <+∞ and (6) holds. Set C = 2(α−α ′). For each ε > 0
sufficiently small constant we consider the domain
Dε = {p ∈ M : R2 > ‖ ¯X⊤‖2 > R2− ε2}.
Proposition 3. If F is a minimal submanifold and (6) holds, then for any 0< ε <R
sufficiently small,
λ (Dε)≥ mCα
ε2
.
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Proof. We define the function f : [√R2− ε2,R)→ [ε,+∞), f (s) = CR2−s2 , and the
smooth vector field on Dε , X = f (t) ¯X⊤, where t = ‖ ¯X⊤‖. Using lemma 2, we
have
c(X) = f (t)divg( ¯X⊤)+g(∇( f (t)), ¯X⊤)− f (t)2t2
≥ f (t)mα + f ′(t)(αt+ 1
t
g(B( ¯X⊤, ¯X⊤), ¯X⊥))− f 2(t)t2.
Note that f ′(s) and f 2(s) go faster to +∞ then f (s), when s→ R. Then we have to
require f ′(t)(αt+ 1t g(B( ¯X⊤, ¯X⊤), ¯X⊥))− f 2(t)t2 ≥ 0, that holds under condition
(6). In this case,
c(X)≥ Cmα
R2− t2 ≥
Cmα
ε2
.
Now proposition 2 gives the lower bound for λ (Dε).
3 Proof of theorems 2 and 3
Let M be a complete noncompact m-dimensional Riemannian manifold, with
Laplacian operator ∆ acting on the domain D of L2(M), where ∆φ ∈ L2 for
any φ ∈ D . The spectrum of −∆ decomposes as σ(M) = σp(M)∪σess(M) ⊂
[λ (M),∞), where σp(M) is the pure point spectrum of isolated finite multiplicity
eigenvalues, and σess(M) is the essential spectrum. The decomposition principle
of [8] states that M and M\K have the same essential spectrum, as long as K is a
compact domain of M with boundary.
Proof of theorem 2. (1) is immediate from (4) and the Cheeger inequality. (2)
We can take a sequence εk → 0 such that
√
R2− εk2 are regular values of ‖ ¯X⊤F ‖.
Since F is ¯X-proper, the sets Kεk =M\Dεk are compact with smooth boundary. As
in [3] we prove the theorem by showing that λ (Dεk)→ +∞ when k → +∞, what
proves that σess(M) = /0. This is the case by proposition 3. Proof of theorem
3. In this case we take the domain of M, Dε = {p ∈ M : R > h ◦F > R− ε}, and
the vector field defined on Dε given by X = ∇(h◦F)/(R−h◦F). Then using (7),
c(X)p =
∆(h◦F)(p)
(R−h(F(p))) =
∑i(Hessh)F(p)(dF(ei),dF(ei))
(R−h(F(p))) ≥
mα
ε
,
and so λ (Dε)→+∞ when ε → 0.
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Proof of corollary 3 Assume such immersion exists with ‖B‖2 → c at infinity,
c≥ 0 a finite constant. By the Gauss equation the sectional curvature of M satisfy
K = ¯K−‖B‖2. Then M has negative sectional curvature and K → ¯K− c < 0 at
infinity. By a result of Donnelly [7] the essential spectrum of M consists of the
half line [(− ¯K+ c)/4,+∞) contradicting corollary 2.
4 Ambient space with a totally convex set
Definition 2. (1) We say a vector field ¯X of M is almost trace-conformal (strongly
trace-convex resp.) along M if 2mα ≤ Traceg F∗L ¯X g¯≤ 2βm (with β =+∞ resp.),
where β ≥ α > 0 are constants.
(2) We say that a function h : M → [0,+∞) is strictly trace-convex along M if for
some positive constant α , TracegF∗(Hess h)≥ mα .
It is elementary to verify next theorem, following the previous proofs:
Theorem 6. In the weaker conditions of definitions 2 and 1, the inequality (4)
still holds as well the conclusions in theorems 1, 2 and 3.
A subset Σ of M is said to be totally convex if it contains any geodesic connecting
two points of Σ. If Σ is a submanifold that is a closed subset of M, the hessian
of the function h = 12ρ2, where ρ is the distance function in M to Σ, satisfies the
following comparison theorem:
Theorem 7 ([10]). If M is a connected complete Riemannian manifold with non-
positive sectional curvature and Σ is a totally convex submanifold of dimension d
that is a closed subset of M, then for any Y ∈ TqM, q /∈ Σ,
(Hess h)q(Y,Y )≥ g¯(σ ′q(l),Y)2
where σq : [0, l]→M is the unique unit geodesic normal to Σ that satisfies σq(0)∈
Σ and σq(l) = q.
In [10] the condition on σ is that it must satisfy t = ρ(σ(t)), but this is equivalent
to σ meets Σ orthogonally (see [9] chapter 2).
Proposition 4. If M is in the conditions of theorem 7 and F : M →M is a complete
minimal immersed submanifold such that for any p∈M\F−1(Σ), ‖(σ ′F(p)(l))⊤‖2 ≥
10
α , where 0 < α ≤ 1 is a constant (in particular d ≥ n), then h is strictly trace-
convex along M, supM ρ ◦F cannot be achieved, and
(sup
M
ρ ◦F)−1 ≤ 1
m
1
α
h(M).
Proof. From theorem 7,
∑
i
(Hess h)F(p)(dF(ei),dF(ei))≥∑
i
(g¯(σ ′F(p)(l),dF(ei)))
2 = ‖(σ ′F(p)(l))⊤‖2,
what proves h is strictly trace-convex along M. The last inequality in the propo-
sition is obtained form (4) that holds for ¯X = ¯∇h (see theorem 6), where ‖ ¯X⊤‖=
‖( ¯∇h)⊤‖ ≤ ρ ◦F‖ ¯∇ρ‖ = ρ ◦F, by following [11], that we describe now. Since
(7) still holds supM ρ ◦F cannot be achieved, and given a bounded domain D of
M with boundary ∂D with unit normal ν , we have
A(∂D)sup
M
(ρ ◦F)≥
∣∣∣∣
∫
∂D
g¯( ¯X⊤,ν)dA
∣∣∣∣≥
∫
D
divg( ¯X⊤)dV ≥ mαV (D).
Proof of theorem 4. This is an immediate consequence of previous corollary and
theorem 6.
Now we specify for the particular case M = Σ′×Σ, where (Σ′,gΣ′) and (Σ,gΣ)
are Riemannian manifolds of dimension d′ ≤ m and d ≥ n respectively where
d+d′ = n+m. Let us fix a point x0 ∈ Σ′ and denote by rΣ′ the distance function in
Σ′ to x0. We identify Σ with x0×Σ, a totally convex set. For (x,y) ∈ M, we have
ρ((x,y)) = ¯d((x,y),x0×Σ) = ¯d((x,y),(x0,y)) = dΣ′(x,x0) = rΣ′(x).
Thus, h(x,y) = 12r2Σ′(x). If F(p) = (x,y) ∈ Σ′×Σ, and l = rΣ′(x) then σF(p)(t) =
(σ Σ
′
(t),y) and σ ′F(p)(l) = ((σ
Σ′)′(l),0) where σ Σ′ is a unit geodesic on Σ′ with
σ Σ
′
(0) = x0 and σ Σ
′
(l) = x. Let pi(x,y) : TxΣ′ = TyΣ⊥ → TpM, pi(v) = v⊤. There-
fore, F is h-bounded iff M is immersed in BR(x0)×Σ where BR(x0) is a ball in
Σ′ of radius R < +∞, and if pi has sup-norm bounded away from zero, then h is
strictly trace-convex on M.
Proposition 5. Let Σ′ be m-dimensional and Σ n-dimensional complete connected
Riemannian manifolds with nonpositive sectional curvatures, h : M → [0,+∞),
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h(x,y) = 12r2Σ′(x), where rΣ′ is the distance function in Σ′ to a given point x0, and
BR(x0) the ball of radius R of Σ′. If F : M → BR(x0)×Σ is a complete minimal
submanifold h-properly immersed and there exist a constant C > 0 such that M is
locally the graph of a local map f : BR(x0)→ Σ with f ∗gΣ ≤ CgΣ′ , then M has
pure point spectrum.
Proof. First we note that the sectional curvature of M is also nonnegative. In the
particular case d′ = m, and if locally M is the graph of a local map f : Σ′ → Σ,
then we show that the trace-convexity holds if f ∗gΣ ≤ CgΣ′ , for some constant
C > 0. At a given pointi p ∈M, let λ 21 ≥ . . .≥ λ 2m be the eigenvalues of f ∗gΣ with
corresponding gΣ′-o.n. basis ai of eigenvectors. Then it follows that at F(p) =
(x,y)= (x, f (x)), d fx(ai) = λiai+m, where ai,aα , i= 1, . . . ,m, α =m+1 . . . ,m+n
defines an o.n. basis of T(x,y)M (note that λi = 0 for i > min{m,n}, so we can
always find such basis). Then ei = (ai +λiai+m)/(1+λ 2i )1/2 constitutes an o.n.
basis of the graph and
‖(σ ′F(p)(l))⊤‖2 = ‖((σ Σ
′
)′(l),0)⊤‖2 = ∑
i
|gΣ′((σ Σ
′
)′(l),ai)|2/(1+λ 2i )≥
1
1+C ,
and the proposition is proved.
Remark. The previous proposition should be compared with a similar result for
the case Σ and Σ′ Euclidean spaces in [3]. If Σ′ =Rm and Σ =Rn, according to [1]
the immersion in the previous proposition cannot be properly immersed in Rm+n,
if m ≥ n+1.
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